In this paper, our purpose is to present a wavelet Galerkin method for solving the time-fractional KdV-Burgers-Kuramoto (KBK) equation, which describes nonlinear physical phenomena and involves instability, dissipation, and dispersion parameters. The presented computational method in this paper is based on Gegenbauer wavelets. Gegenbauer wavelets have useful properties. Gegenbauer wavelets and the operational matrix of integration, together with the Galerkin method, were used to transform the time-fractional KBK equation into the corresponding nonlinear system of algebraic equations, which can be solved numerically with Newton's method. Our aim is to show that the Gegenbauer wavelets-based method is efficient and powerful tool for solving the KBK equation with time-fractional derivative. In order to compare the obtained numerical results of the wavelet Galerkin method with exact solutions, two test problems were chosen. The obtained results prove the performance and efficiency of the presented method.
Introduction
Wavelets analysis is the decomposition of a function onto shifted and scaled versions of the basic wavelet. Wavelets possess many good features, such as compact support, orthogonality, exact representation of polynomials to a certain degree and facility to correspond functions at various levels of resolution. So, it has been applied in many various fields of engineering and science. Wavelets, introduced by Daubechies, have been used to obtain approximate solution of physical and mathematical problems related to various branches of engineering and applied sciences. Since the beginning of 1990s, wavelet-based methods have been used to solve partial differential equations. Generally, the wavelet algorithms for solving partial differential equation have been established on the Galerkin or collocation methods. But the Daubechies wavelet family has a drawback. Because the Daubechies wavelet family have implicit expression, analytical differentiation or integration of Daubechies wavelets is impossible. And thus, simpler wavelets, which are based on orthogonal polynomials, such as Haar, Gegenbauer, Legendre, Hermite and Cheby-shev polynomials, are commonly used in wavelet-based numerical methods by many researchers.
Many important nonlinear phenomena in the mathematical, physical, chemical and engineering sciences can be well modeled by partial differential equations and fractional partial differential equations. It is well known that most physical and engineering problems are nonlinear, and it may be very difficult to find exact solutions of fractional partial differential equations for some cases. Due to this fact, numerical solutions of nonlinear fractional partial differential equations are very important. For that we need a reliable and efficient technique for the numerical solution of nonlinear partial differential equations and fractional partial differential equations.
In this paper, we introduce a numerical solution by aid of the Gegenbauer wavelet Galerkin method for the following time-fractional KdV-Burgers-Kuramoto (KBK) equation [1] :
with initial and boundary conditions u(x, 0) = 0 (2) and ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ u(0, t) = h 1 (t), u(1, t) = h 2 (t), u x (0, t) = h 3 (t), u xx (0, t) = h 4 (t),
in which α is the order of the fractional time derivative, f (x, t) is the forcing term and the α 1 , α 2 , α 3 parameters characterize instability, dispersion, and dissipation, respectively [2] . The study of nonlinear physical phenomena has been an active subject in various fields of science, such as applied mathematics and physics, and issues related to engineering. The classical KBK equation, which is one of the best-known equations among nonlinear partial differential equations, describes some physical processes in motion of turbulence and other unstable process systems. This equation can be also used to describe long waves on a viscous fluid flowing down along an inclined plane [3] , unstable drift waves in plasma [4] , and a turbulent cascade model in a barotropic atmosphere [5] . The classical KBK equation given with initial and boundary conditions can be solved analytically in spite of nonlinearity. As computational techniques develop, to compare numerical results with exact solutions, many authors have applied different numerical and semi-analytical methods to solve the classical KBK equation. They have obtained high accuracy and good performance. In [6] , a trigonometric function expansion method was applied to find exact solution of the KBK equation. In [7] , the KBK equation was converted into an equivalent 3D system, and then this system was solved with the Lie symmetry reduction method and the Preller-Singer procedure. In [8] , the KBK equation was solved using a combination method. He Shuqi and Chen Lie used the (g /g ∼ 2) expansion method to solve the KBK equation [9] .
Sayed and Elhamahmy proposed a scheme to solve the KBK equation using a sech-tanh method and Wu's elimination method [10] . But the study of the nonlinear time-fractional KBK equation is very few in the literature. In [11] , Legendre wavelet method was presented to solve the fractional KBK equation. Song and Zhang used the homotopy analysis method to solve a fractional KBK equation [12] . In [13] , the fractional KBK equation was solved using He's variational iteration method and Adomian's decomposition method.
For many years, the Galerkin method has been used to find numerical solutions of differential equations. The most important advantage of the presented method is that it transforms Eq. (1) into a nonlinear system of algebraic equations which can be easily solved with Newton's method. Until recently, the Galerkin method has been used to obtain numerical solutions to fractional-order boundary value problems in [14] , to the fractional Benney equation in [15] , to hyperbolic partial differential equations in [16] , to the stochastic heat equation in [17] , to fractional sub-diffusion and time-fractional diffusion-wave equations in [18] , to nonlinear stochastic integral equations in [19] , to ordinary differential equations with non-analytic solution in [20] , to the one-dimensional advection-diffusion equation in [21] and to second-order parabolic partial differential equations in [22] .
The structure of this article is as follows. Firstly some definitions and mathematical preliminaries of the fractional calculus is mentioned in Sect. 2. Gegenbauer polynomials and Gegenbauer wavelets are introduced in Sect. 3. The approximation of a function by using Gegenbauer wavelets, followed by block pulse functions and nonlinear term approximation by Gegenbauer wavelets are given in Sect. 4 and Sect. 5, respectively. We define the operational matrix of fractional integration in Sect. 6. In Sect. 7, to obtain the numerical solution for the time-fractional KBK equation, the Gegenbauer wavelet Galerkin method (GWGM) is applied. In Sect. 8 presents the test examples. A conclusion is given in Sect. 9.
Preliminaries and notations
We give some fundamental definitions and properties of the fractional calculus theory which are required for establishing our results.
Definition (Riemann-Liouville fractional integral operator of order α) The Riemann-Liouville fractional integral operator I α (α > 0) of a function u(t), is defined as [23, 24] 
The operator I α has the following properties:
Definition (Caputo fractional derivative operator of order α) The fractional derivative operator of order α > 0 in the Caputo sense is given as [23, 24] 
Some of the properties of Caputo fractional derivative are:
Gegenbauer polynomials and Gegenbauer wavelets
For Gegenbauer polynomials (a special type of Jacobi polynomials) [25] , G β n (x) is defined, for β > - 1 2 , n ∈ Z + , on [-1, 1], and the Gegenbauer polynomial recurrence formulas are defined by These polynomials are defined by the generating function
Some of the properties of Gegenbauer polynomials are
The equation given as
1 -
is obtained from Rodrigues formula [25] . Gegenbauer polynomials are orthogonal with respect to the weight function ω(x) = (1 - 2 is called the normalizing factor, and δ nm is the Kronecker symbol.
Legendre polynomials and Chebyshev polynomials are special types of Gegenbauer polynomials. For β = 0, we get the first-kind Chebyshev polynomials; for β = 1/2, we get Legendre polynomials; for β = 1, we get second-kind Chebyshev polynomials.
The basic wavelet (mother wavelet) is given on the basis of scaling and translation parameters as
in which a and b are the scaling and translation parameters, respectively. By restricting a, b to discrete values as a = a -k 0 , b = nb 0 a -k 0 , where a 0 > 1, b 0 > 0 and k, n ∈ N , we acquire the following discrete wavelets:
in which an orthogonal basis of L 2 (R) is formed. If a 0 = 2 and b 0 = 1, then ψ k,n forms an orthonormal basis. The discrete wavelet transform is defined as
Gegenbauer wavelets are defined on the interval [0, 1] by
in which k = 1, 2, 3, . . . , is the level of resolution, n = 1, 2, 3, . . . , 2 k-1 ,n = 2n -1, is the translation parameter, and m = 0, 1, 2, . . . , M -1 is the order of the Gegenbauer polynomials, M > 0. Corresponding to each β > -1 2 , a different wavelet family is obtained, i.e., when β = 1 2 , Gegenbauer wavelets are identical to Legendre wavelets. For β = 0 and β = 1, we obtain the Chebyshev wavelets of the first kind and the Chebyshev wavelets of the second kind, respectively. In this study, we use the Gegenbauer wavelets at the values β = 1 2 and β = 3 2 . For Gegenbauer wavelets the weight function is given as follows:
otherwise.
Function approximation
u(x) ∈ L 2 [0, 1] can be expanded in terms of Gegenbauer wavelets as
in which c n,m values are wavelet coefficients, and c n,m wavelet coefficients can be determined by
We approximate the infinite series expansion in Eq. (4) by a truncated series as
where T means transposition and Ψ (x) and C are 2 k-1 M × 1 matrices. For simplicity, Eq. (4) can be written as
and the index i can be obtained from the
in which the u i,j wavelets coefficients can be calculated by
By substituting the collocation points x i = 2i-1 2m , i = 1, 2, . . . ,m into Eq. (7), the Gegenbauer wavelet matrix Φm ×m is defined as
We need the following theorem for the convergence analysis for the Gegenbauer wavelet expansion.
Theorem 4.1 (Bernstein-type inequality [26] ) For Gegenbauer polynomials,
can be expanded as an infinite series of Gegenbauer wavelets, which converges uniformly to u(x, t), provided u(x, t) has a bounded mixed fourth partial derivative
The Gegenbauer wavelet coefficients of continuous functions u(x, t) are defined as
Let us use the change of variable 2 k 1 x -2n 1 -1 = x 1 , we get
Now, we calculate the integral using the integration by parts, to obtain
Provided we integrate (12) by parts again, we obtain
Let
By substituting Eq. (14) in Eq. (11),
Similarly, we can calculate the following integral using the integration by parts
where 2 k 1 t -2n 2 -1 = t 1 . If we integrate (16) two times by parts and make use of the substitution: t 1 = cos θ 2 , then
By substituting Eq. (17) in Eq. (15), we obtain
From | ∂ 4 u(x,t) ∂x 2 ∂t 2 | ≤ M and Theorem 4.2,
Accordingly, ∞ i=0 ∞ i=0 u ij is absolutely convergent.
Block Pulse Functions (BPFs)
Block pulse functions (BPFs) constitute a complete set of orthogonal functions [27] , which are given on the interval [0, b) by in which the u i variables are the coefficients of the block pulse function, in which H = F T ⊗ G T [28] .
Lemma 2 Assume that f (x, t) and g(x, t) are two absolutely integrable functions, and these functions can be expanded in block pulse functions as
Nonlinear term approximation by Gegenbauer wavelets
Gegenbauer wavelets may be represented [28] with anm-set of block pulse functions as
The operational matrix of the product of Gegenbauer wavelets can be calculated using the properties of BPFs. The absolutely integrable f 1 (x, t) and f 2 (x, t) functions can be represented by Gegenbauer wavelets as
and
From Eq. (19), Eqs. (20)- (21) can be written as
where
Operational matrix of integration
The fractional integration of the vector Ψ (x), which is defined in (7) , can be approximated as
where P α is called the Gegenbauer wavelet operational matrix of fractional integration. As given in [15] , the matrix P α is defined as
where them ×m matrixP is called the BPFs operational matrix of integration and is given in [29, 30] as
Description of the presented method
In this section, the Gegenbauer wavelet expansion combined with the operational matrix of fractional integration, is applied to obtain the numerical solution of the nonlinear timefractional KBK equation, defined by
subject to the initial and boundary conditions u(x, 0) = 0 (24) and
in which α 1 , α 2 , α 3 ≥ 0 parameters are constant. u(x, t) is a function to be determined. To solve Eq. (23), when we use the fractional integration of order α with respect to t to Eq. (23) and consider the initial condition (24) , then the following equation is obtained:
Now we approximate ∂ 4 u(x,t) ∂x 4 by the Gegenbauer wavelets as follows:
in which U = [u ij ]m ×m is an unknown matrix that should be determined and Ψ (·) is the Gegenbauer wavelet vector defined in (7) . Then we integrate Eq. (27) four times with respect to x and consider the boundary conditions in (25) , and the following relations can be acquired:
By taking x = 1 into Eq. (31), we acquire
We can expand h 1 (t), h 2 (t), h 3 (t) and h 4 (t) can be expressed by the Gegenbauer wavelets as follows: 
By substituting (34) into Eqs. (28)-(31), we obtain
where 
The exact solution for this problem is u(x, t) = t 2α cos(x) Γ (1+2α) , given in [11] . Table 1 and Table 2 display the absolute errors between the approximate solution acquired using the GWGM for β = 1/2, β = 3/2, α = 1 and the exact solution of Example 1. Table 3 shows L ∞ errors obtained using the GWGM for β = 1/2, α = 1 and the Legendre wavelet method used in [11] at different points of x and t. In addition, the graphics of the exact and approximate solutions for β = 1/2 and α = 1 are given in Fig. 1 . From Table 1 and Table 2 , we can see that the numerical solution acquired by using the GWGM for β = 1/2, β = 3/2 and α = 1 is in good agreement with the exact solution more than the acquired numerical solution using Legendre wavelet method in [11] . From Table 4 , we can see that the numerical solution acquired by using the GWGM for β = 1/2, α = 0.75 and α = 0.90 is in good agreement with the exact solution more than the acquired numerical solution using Legendre wavelet method for α = 0.75 in [11] . From Table 3 and Table 4 , we can see that our approach is more efficient and useful.
Example 2 Let us consider the following time-fractional KBK equation:
Γ (1+2α) and α 1 = α 2 = α 3 = 1. Initial and boundary conditions are given as u(x, 0) = 0 Table 1 Comparison of maximum absolute errors acquired using the GWGM for β = 1/2, α = 1 of Example 1 with given initial and boundary conditions Table 2 Comparison of maximum absolute errors acquired using the GWGM for β = 3/2, α = 1 of Example 1 with given initial and boundary conditions and
The exact solution for this problem is u(x, t) = t 2α sin(x) Γ (1+2α) , as given in [11] . Table 5 Comparison of maximum absolute errors acquired using the GWGM for β = 1/2, α = 1 of Example 2 with given initial and boundary conditions Table 6 Comparison of maximum absolute errors acquired using the GWGM for β = 3/2, α = 1 of Example 2 with given initial and boundary conditions Table 5 and Table 6 display the absolute errors between the exact solution and the approximate solutions acquired using the GWGM for β = 1/2, β = 3/2 and α = 1. Table 6 shows L ∞ errors obtained using GWGM for β = 1/2, β = 3/2, α = 1 and the Legendre wavelet method used in [11] at different points of x and t. In addition, the graphics of the exact and approximate solutions for different values of β and α = 1 are given in Fig. 2 and Fig. 3 . From Tables 5 and 6, we can see that the numerical solutions acquired using the GWGM for β = 1/2 and β = 3/2 are in good agreement with the exact solution. From Table 8 , we can see that the numerical solution acquired by using the GWGM for 2.54254e -3 6.42282783735154e-4 9.42970123568948e-4 0.5 5.29182e -3 1.01213453367412e-3 1.47429826364986e-3 0.6 9.52067e -3 1.47270445219214e-3 2.12682977948012e-3 β = 1/2, α = 0.99 is in good agreement with the exact solution more than the acquired numerical solution using the GWGM for β = 1/2, α = 0.75 and α = 0.90. From Tables 7 and  8 , we can see that our approach is more efficient and useful.
Discussion
In this study, we practically applied the Gegenbauer Wavelet Galerkin Method to solve the time-fractional KdV-Burgers-Kuramoto equation. The presented scheme was tested on two test problems to demonstrate the accuracy and efficiency of the presented method, and the obtained numerical results were then compared with the exact solutions. These comparisons reveal that the presented method is efficient and practically suited to find the approximate solution of the time-fractional KdV-Burgers-Kuramoto equation. So, the presented method is an alternative way to obtain the numerical solutions of the timefractional KdV-Burgers-Kuramoto equation. Moreover, the computer implementation of the presented method is simple and straightforward. It is seen that the presented method is computationally fast and provide accurate results. All of the above numerical computations were calculated using Maple software. The presented method is very well suited to solve boundary value problems because the boundary conditions are used automatically during solution procedure. As the next step, the presented scheme can be used to find the approximation solution of a partial differential equation which has different nonlinearity, systems of partial differential equations and fractional partial differential equations.
